
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì. Â. Ëîìîíîñîâà

Ôàêóëüòåò âû÷èñëèòåëüíîé ìàòåìàòèêè è êèáåðíåòèêè

Îò÷¼ò ïî ñóïåðêîìïüþòåðíîìó

ìîäåëèðîâàíèþ

Çàäàíèå �2

Âûïîëíèëà:

ñòóäåíòêà 611 ãðóïïû

Ìàêàðîâà Àë¼íà

Ìîñêâà, 2016



1 Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Â ïðÿìîóãîëüíîé îáëàñòè:

Π = [A1, A2]× [B1, B2]

òðåáóåòñÿ íàéòè äâàæäû ãëàäêóþ �óíêöèþ u = u(x, y), óäîâëåòâîðÿþùóþ äè��åðåíöè-

àëüíîìó óðàâíåíèþ:

−∆u = F (x, y), A1 < x < A2, B1 < y < B2 (1)

è äîïîëíèòåëüíîìó óñëîâèþ

u(x, y) = φ(x, y) (2)

âî âñåõ ãðàíè÷íûõ òî÷êàõ (x, y) ïðÿìîóãîëüíèêà Π.

2 ×èñëåííûé ìåòîä äëÿ ðåøåíèÿ çàäà÷è

Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåòñÿ ðàçíîñòíàÿ ñõåìà.

Â ðàñ÷åòíîé îáëàñòè Π îïðåäåëÿåòñÿ ïðÿìîóãîëüíàÿ ñåòêà

ωh = (xi, yj), i = 0, 1, . . . , N1, j = 0, 1, . . . , N2, (3)

Ïàðàìåòðû N1, N2 îïðåäåëÿþò ðàçìåðû ðåøåòêè.

Ïðèáëèæåííûì ðåøåíèåì çàäà÷è (1), (2) íàçûâàåòñÿ �óíêöèÿ p = p(xi, yj), óäîâëåòâî-
ðÿþùàÿ óðàâíåíèÿì

−∆hpij = F (xi, yj), (xi, yj) ∈ ωh,

pij = φ(xi, yj), (xi, yj) ∈ γh
(4)

Ýòè ñîîòíîøåíèÿ ïðåäñòàâëÿþò ñîáîé ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ

÷èñëîì óðàâíåíèé ðàâíûì ÷èñëó íåèçâåñòíûõ è îïðåäåëÿþò åäèíñòâåííûì îáðàçîì íåèç-

âåñòíûå çíà÷åíèÿ pij. Ñîâîêóïíîñòü óðàâíåíèé (4) íàçûâàåòñÿ ðàçíîñòíîé ñõåìîé äëÿ çà-

äà÷è (1), (2).

Ïðèáëèæåííîå ðåøåíèå ýòîé ñèñòåìû ìîæåò áûòü ïîëó÷åíî ìåòîäîì ñêîðåéøåãî ñïóñ-

êà. Íà÷àëüíîå ïðèáëèæåíèå

p
(0)
ij = φ(xi, yj), (xi, yj) ∈ γh,

âî âíóòðåííèõ óçëàõ ñåòêè p
(0)
ij - ëþáûå ÷èñëà. Ìåòîä ÿâëÿåòñÿ îäíîøàãîâûì. Ïîñëåäóþ-

ùèå èòåðàöèè âû÷èñëÿþòñÿ ñîãëàñíî ðàâåíñòâàì:

p
(k+1)
ij = p

(k)
ij − τk+1r

(k)
ij ,

ãäå íåâÿçêà

r
(k)
ij = −∆hp

(k)
ij − F (xi, yj), (xi, yj) ∈ ωh,

r
(k)
ij = 0, (xi, yj) ∈ γh.

(5)

Èòåðàöèîííûé ïàðàìåòð

τk+1 =
(r(k), r(k))

(−∆hr(k), r(k))
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Èçâåñòíî, ÷òî ñ óâåëè÷åíèåì íîìåðà èòåðàöèè k ïîñëåäîâàòåëüíîñòü ñåòî÷íûõ �óíêöèé

p(k) ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ p çàäà÷è (4) ïî íîðìå ïðîñòðàíñòâà H , òî åñòü

‖ p− pk ‖→ +∞, k → +∞.

Ñóùåñòâåííî áîëüøåé ñêîðîñòüþ ñõîäèìîñòè îáëàäàåò ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ.

Íà÷àëüíîå ïðèáëèæåíèå p(0) è ïåðâàÿ èòåðàöèÿ p(1) âû÷èñëÿþòñÿ òàê æå, êàê è â ìåòîäå

ñêîðåéøåãî ñïóñêà. Ïîñëåäóþùèå èòåðàöèè îñóùåñòâëÿþòñÿ ïî �îðìóëàì:

p
(k+1)
ij = p

(k)
ij − τk+1g

(k)
ij , k = 1, 2, . . .

Çäåñü

τk+1 =
(r(k), g(k))

(−∆hg(k), g(k))
âåêòîð

g
(k)
ij = r

(k)
ij − αkg

(k−1)
ij , k = 1, 2, . . .

g
(0)
ij = r

(0)
ij ,

êîý��èöèåíò

αk+1 =
(−∆hr

(k), g(k−1))

(−∆hg(k−1), g(k−1))
.

Âåêòîð íåâÿçêè r(k) âû÷èñëÿåòñÿ ñîãëàñíî ðàâåíñòâàì (5). Èòåðàöèîííûé ïðîöåññ îñòà-

íàâëèâàåòñÿ, êàê òîëüêî

‖ p(n) − p(n−1) ‖< ǫ, (6)

ãäå ǫ - çàðàíåå âûáðàííîå ïîëîæèòåëüíîå ÷èñëî.

3 Âàðèàíò

Íîìåð âàðèàíòà: 11mod18 + 18(11mod2) = 29

F (x, y) =
x2 + y2

4(4 + xy)
3

2

, φ(x, y) =
√

4 + xy

Π = [0, 4]× [0, 4]

Çàäà÷à ðåøàåòñÿ äëÿ ðàâíîìåðíîé ðåøåòêè è åâêëèäîâîé íîðìû.

4 Îïèñàíèå ðåàëèçàöèè

Çàäà÷à íàõîæäåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ ðåàëèçîâàíà îòäåëüíîé �óíêöèåé Iter. Îñ-

íîâíîé àëãîðèòì:

1. Èíèöèàëèçàöèÿ íà÷àëüíîãî ðåøåíèÿ è âåêòîðà íåâÿçêè;

2. Âû÷èñëåíèå íåâÿçêè;

3. Âû÷èñëåíèå èòåðàöèîííûõ ïàðàìåòðîâ;

4. Íàõîæäåíèå íîâîãî ðåøåíèÿ;

5. Ïðîâåðêà íà âûïîëåíèå óñëîâèÿ îñòàíîâà. Åñëè íå âûïîëíåíî - ï.2.

Äàëåå, ïðîãðàììà áûëà äîðàáîòàíà äëÿ ðåàëèçàöèè ïàðàëëåëüíîãî âûïîëíåíèÿ.
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4.1 MPI

�åø¼òêà, íà êîòîðîé ðåøàåòñÿ çàäà÷à, ðàçáèâàåòñÿ íà ïðÿìîóãîëüíèêè. Êàæäûé ïðÿìî-

óãîëüíèê - îáëàñòü ðàñ÷åòà ïðîöåññà. Òàêèì îáðàçîì, êàæäûé ïðîöåññ âûïîëíÿåò äåéñòâèÿ

ñ ÷àñòüþ âñ¼ ðåøåòêè. Êàæäûé ïðîöåññ âû÷èñëÿåò ñìåùåíèå, ñîîòâåòñòâóþùåå åãî îáëà-

ñòè â "áîëüøîé"ìàòðèöå.

Îñíîâíûì ïðåîáðàçîâàíåì àëãîðèòìà ÿâëÿåòñÿ îðãàíèçàöèÿ îáìåíà èí�îðìàöèåé ìåæ-

äó ïðîöåññàìè, òàê êàê ÷àñòü äàííûõ îäíîî ïðîöåññà èñïîëüçóåòñÿ ïðè âû÷èñëåíèè â äðó-

ãîì ïðîöåññå. Äëÿ ýòîãî, ñ ïîìîùüþ �óíêöèè MPI_Cart_
reate, ñîçäà¼òñÿ êîììóíèêàòîð

ñ äåêàðòîâîé òîïîëîãèåé, äëÿ êàæäîãî ïðîöåññà îïðåäåëÿþòñÿ åãî ñîñåäè. Êàæäûé ðàç

ïåðåä òåì êàê âû÷èñëèòü 5-òè òî÷å÷íóþ àïïðîêñèìàöèþ - ïðîöåññû îáìåíèâàþòñÿ äàííû-

ìè ñî ñâîèìè ñîñåäÿìè, ïåðåäàâàÿ èì îáíîâë¼ííûå äàííûå(MPI_Send/MPI_Re
v). Äëÿ

ðàñ÷åòà ñêàëÿðíîãî ïðîèçâåäåíèÿ èñïîëüçóåòñÿ MPI_Redu
e (ñáîð èç âñåõ ïðîöåññîâ -

ïåðåäà÷à âñåì ïðîöåññàì).

Ïðîöåññ ñ íîìåðîì 0 ÿâëÿåòñÿ ìåíåäæåðîì ñèñòåìû. Âíà÷àëå îí ñîáèðàåò îò êàæäîãî

ïðîöåññà èõ ñìåùåíèÿ è ðàçìåðû îáëàñòè. Çàòåì îòïðàâëÿåò ñîîòâåòâóþùèå êîîðäèíàòû,

äëÿ êîòîðûõ äîëæíû áûòü ïðîâåäåíû ðàñ÷åòû. À ïîñëå - àãðåãèðóåò ïîëó÷åííûé ðåëóëü-

òàò â "áîëüøîé"ìàòðèöå ðåøåíèÿ.

4.2 OpenMP

Â ðàìêàõ âû÷èñëåíèé òàêæå âîçìîæíî ïðîèçâîäèòü íåçàâèñèìûå îïåðàöèè äëÿ êàæäî-

ãî óçëà ñåòêè. Îñíîâíûå èñïîëüçóåìûå âîçìîæíîñòè openmp: ðàñïàðàëëåëèâàíèå öèêëîâ

(pragma omp for) è èñïîëüçîâàíèå redu
e äëÿ àãðåãàöèè ðåçóëüòàòà ìåæäó íèòÿìè.

Âîçìîæíîñòü ðàñïàðàëëåëèâàíèÿ ìåæäó íèòÿìè ïðèñóòñòâóåò â ñëåäóþùèõ îïåðàöè-

ÿõ:

1. Âû÷èñëåíèå íåâÿçêè, íîâîé �óíöèè ðåøåíèÿ è ïîäîáíûå, òàê êàê âû÷èñëåíèå êàæäîé

ÿ÷åéêè � ýòî íåçàâèñèìàÿ îïåðàöèÿ.

2. Ïîäãîòîâêà äàííûõ ê îòïðàâêå ïîñðåäñòâîì MPI äðóãèì ïðîöåññàì, è îáðàáîòêà ïðè-

íÿòûõ äàííûõ)

3. Âû÷èñëåíèå 5-òè òî÷å÷íîé àïïðîêñèìàöèè (àíàëîãè÷íî ï.1)

4. Âû÷èñëåíèå ñêàëÿðíîãî ïðîèçâåäåíèÿ (aggregate sum)

4



5 �åçóëüòàòû ðàñ÷åòîâ

Èññëåäîâàíèå ïðîâîäèëîñü íà ñóïåðêîìïüþòåðàõ:

1. "Ëîìîíîñîâ"

2. IBM Blue Gene/P

Äëÿ ñåòêè 1000x1000 ïðîãðàììà ñîâåðøàåò 1513 èòåðàöèé.

Äëÿ ñåòêè 2000x2000 ïðîãðàììà ñîâåðøàåò 2831 èòåðàöèþ.

ÏÂÑ ×èñëî ïðîöåññîðîâ �àçìåðíîñòü ñåòêè Âðåìÿ (
) Óñêîðåíèå

Lomonosov 1 1000 × 1000 477.30 1

Lomonosov 8 1000 × 1000 60.76 7.85

Lomonosov 16 1000 × 1000 30.23 15.79

Lomonosov 32 1000 × 1000 15.20 31.4

Lomonosov 128 1000 × 1000 4.35 109.72

Lomonosov 1 2000 × 2000 timeout -

Lomonosov 8 2000 × 2000 453.64 1

Lomonosov 16 2000 × 2000 227.58 1.99

Lomonosov 32 2000 × 2000 114.40 3.97

Lomonosov 128 2000 × 2000 29.40 15.43

BlueGene(MPI) 1 1000 × 1000 1644.20 1

BlueGene(MPI) 128 1000 × 1000 67.74 24.27

BlueGene(MPI) 256 1000 × 1000 34.39 47.80

BlueGene(MPI) 512 1000 × 1000 19.29 85.23

BlueGene(MPI) 1 2000 × 2000 timeout -

BlueGene(MPI) 128 2000 × 2000 496.15 1

BlueGene(MPI) 256 2000 × 2000 249.77 1.98

BlueGene(MPI) 512 2000 × 2000 129.40 3.83

BlueGene(OpenMP/MPI) 1 1000 × 1000 1317.3 1

BlueGene(OpenMP/MPI) 128 1000 × 1000 26.16 50.4

BlueGene(OpenMP/MPI) 256 1000 × 1000 17.85 73.8

BlueGene(OpenMP/MPI) 512 1000 × 1000 12.48 105.55

BlueGene(OpenMP/MPI) 1 2000 × 2000 timeout -

BlueGene(OpenMP/MPI) 128 2000 × 2000 166.21 1

BlueGene(OpenMP/MPI) 256 2000 × 2000 91.91 1.8

BlueGene(OpenMP/MPI) 512 2000 × 2000 60.36 2.75
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6 �ðà�èêè ïðèáëèæåííîãî ðåøåíèÿ è òî÷íîãî ðåøåíèÿ

Íà ýòîì ãðà�èêå îáà ðåøåíèÿ - òî÷íîå è ïðèáëèæ¼ííîå. Äëÿ òîãî ÷òîáû ïîêàçàòü èõ ðàç-

ëè÷èå, ÿ ïðèâåäó ãðà�èê ðàçíîñòè.

�èñ. 1: �åøåíèå
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�èñ. 2: �àçíîñòü òî÷íîãî è àíàëèòè÷åñêîãî ðåøåíèÿ
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